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Magnetic field induced multiple non-Dirac nodal-lines are found to emerge in the triplet dispersion
bands of a frustrated spin-1/2 antiferromagnetic model on the CaVO lattice. Plaquette and bond
operator formalisms have been employed to obtain the triplet plaquette and bond excitations for two
different parameter regimes in the presence of nearest and next-nearest-neighbor Heisenberg inter-
actions based on the plaquette-resonating-valence-bond and dimerized ground states, respectively.
In the absence of magnetic field a pair of six-fold degenerate nodal-loops with distinct topological
feature is noted in the plaquette excitations. They are found to split into three pairs of two-fold de-
generate nodal-loops in the presence of magnetic field. In the other parameter regime, system hosts
two-fold degenerate multiple nodal-lines with a variety of shapes in the triplon dispersion bands
in the presence of magnetic field. Ground state energy and spin gap have been determined addi-
tionally for the two regimes. Those nodal-lines are expected to be detectable in neutron scattering
experiment on the frustrated antiferromagnet, CaV4O9.
PACS numbers:
I. INTRODUCTION
Studies on topological states of matter are continu-
ing with great interest in the recent times for the under-
standing of their various symmetry protected properties.
Topological matter is broadly classified as topological in-
sulator (TI) and topological semimetal (TSM) besides
the topological superconductor. In contrast to TI, TSM
has semimetallic bulk state in addition to metallic surface
states for both1–3. Three types of TSM are there, Dirac
(DSM), Weyl (WSM) and nodal-line semimetals (NLS).
DSM and WSM may emerge when band touching oc-
curs at distinct points on the Brillouin zone (BZ), while
band touching over lines gives rise to NLS. Band touch-
ing implies the degeneracy of the bands which can be
studied in terms of symmetry of the Hamiltonian. NLS
can be classified into two types: Dirac NLS (DNLS) and
Weyl NLS (WNLS). DNLS is protected by the simulta-
neous presence of space inversion (P) and time-reversal
(T ) symmetries which lead to the four-fold degenerate
nodal line for this case. On the other hand, WNLS ap-
pear if the system breaks either P or T symmetry leading
to a pair of two-fold degenerate nodal lines. In addi-
tion, WSM and WNLS could emerge only in odd spa-
tial dimension1. On further development, DNLS nowa-
days are classified in terms of topological protection by
separately (i) combined PT , (ii) mirror and (iii) non-
symmorphic symmetries2. A large number of real mate-
rials have been characterized in terms of those classifica-
tion norms assigned for TSMs.
Search of topological nodal-line in the magnetic ex-
citation modes has been started in the more recent
time. It begins with the finding of a solitary nodal-
ring in the magnon bands of an antiferromagnetic (AFM)
Heisenberg model on a cubic lattice in the presence of
Dzyloshinskii-Moriya interaction (DMI) where P sym-
metry is broken4. Four-fold degeneracy of the nodal-
ring in this particular case attributes to the fact that
AFM ground state constitutes the bipartite lattice of
two oppositely oriented spin sublattices. Doubly de-
generate nodal-line is found in magnon dispersion of a
PT invariant ferromagnetic (FM) Heisenberg model on
pyrochlore lattice6. Four-fold degenerate Dirac nodal-
loops have been noted in the AFM magnon dispersions
of a PT symmetric Heisenberg model on two-dimensional
(2D) square-octagon lattice based on the superconduct-
ing materials, AFe1.6+xSe2 (A=K, Rb, Cs)
5. For all those
models ground states have long-range spin order. In an-
other attempt, a pair of six-fold degenerate nodal-rings
have been obtained in the triplet six-spin plaquette exci-
tations of a frustrated spin-1/2 AFM Heisenberg model
on the honeycomb lattice, when the ground state lies in
a spin-disordered plaquette-valence-bond-solid (PVBS)
phase7. However, no topological nodal-line is observed
in the magnetic excitations of real materials till now. So,
the search of topological nodal-lines by formulating the-
oretical models based on real materials continues.
CaV4O9 is the first compound with spin gap whose
magnetic property has been explained in terms of the
2D spin-1/2 frustrated AFM Heisenberg Hamiltonian8.
Spin-1/2 V4+ ions in CaV4O9 constitute a definite form
of 1/5-depleted square lattice which is also known as
CaVO lattice. This particular non-Bravais lattice can
be derived from the square lattice by removing one-fifth
number of its total sites in a particular manner such
that it can be decomposed into four square sublattices
as shown by spheres with four different colors in Fig
1 (b). As a result, CaVO lattice may be imagined as
composed of identical square-plaquettes, where each pla-
quette contains four different sites on its vertices with
one site from each of four sublattices. One such pla-
quette is shown in Fig 1 (a). Value of spin gap of this
compound has been estimated before by using a number
of theoretical techniques including a four-spin plaquette
operator theory (POT) on CaVO lattice9–18. Here spin
gap corresponds to the minimum value of triplet four-
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2spin plaquette excitation energy with respect to singlet
plaquette-resonating-valence-bond (PRVB) ground state
led by the presence of stronger intra-plaquette AFM in-
teractions. POT on CaVO lattice has been formulated
before by considering intra- and inter-plaquette nearest-
neighbor (NN) and next-nearest-neighbor (NNN) AFM
exchange interactions based on the two-state space con-
stituted by lowest singlet and triplet states of a single
plaquette12.
In this investigation, POT has been developed on an
expanded basis space spanned by two singlets and three
triplet plaquette states and when the system is studied
in terms of weakly interacting plaquettes by means of
stronger NN intra-plaquette terms in the Hamiltonian.
In another case, bond operator theory (BOT) has been
formulated for the system of weakly interacting bonds
when the NN inter-plaquette terms in the Hamiltonian
are dominant. Obviously, POT and BOT are based on
the two different ground states, known as PRVB and
dimerized states. Emergence of a variety of nodal-lines is
found in the triplet dispersion bands both for plaquette
and bond excitations obtained in POT and BOT, respec-
tively, for the frustrated spin-1/2 AFM Heisenberg model
on the CaVO lattice.
A pair of six-fold degenerate nodal-loops of different
topological features emerges in the plaquette excitations,
each of which is found to decouple into three two-fold
degenerate loops in the presence of an external magnetic
field. This implies the fact that every triplet dispersion
branch was triply degenerate due to SU(2) invariance
and this degeneracy is withdrawn as soon as the mag-
netic field is switched on. Among the two loops, one is
circular and it is found to appear at a definite energy,
while the second one is a square and it is spanned over
a finite energy width. One of the decoupled loops for
every case is found to appear at the same energy values,
while the remaining two are found to shift their positions
towards higher energies with the increase of magnetic
field. But their overall features remain unaltered under
the variation of magnetic field. Thus these nodal-lines
are protected by the P and U(1) symmetries, since the
T symmetry is broken by the magnetic field. In case of
BOT, system is found to host magnetic field induced mul-
tiple nodal-lines of various shapes within the two lower
bands of triplon excitations, with the variations of ex-
change parameters. None of the nodal-lines are four-fold
degenerate. So, the system is found to host several non-
Dirac nodal-lines, and they seem to be detectable in the
inelastic neutron scattering experiment on the frustrated
antiferromagnetic compound, CaV4O9, under magnetic
field.
The article is arranged in the following manner. Sec-
tion II contains the details of POT. Properties of nodal-
lines have been described and effect of magnetic field has
been investigated. Similarly, BOT has been described in
the section III. Emergence of nodal-lines under the mag-
netic field has been studied. Summary of the results are
presented in the last section (IV).
II. FOUR-SPIN PLAQUETTE OPERATOR
THEORY
In order to develop the four-spin POT applicable for
the AFM model on CaVO lattice, spin-1/2 operators on
the four different vertices of the square plaquette have
been expressed in terms of the plaquette operators. Thus,
the α-th components of the spin operators at the n-th
vertex, Snα, n = 1, 2, 3, 4, α = x, y, z, have been expressed
in terms of the basis states spanned by the complete set
of eigenstates of a single frustrated square plaquette |η〉
and |ξ〉 by following the formula Snα = 〈η|Snα|ξ〉 |η〉 〈ξ|,
where summation over repeated indices is assumed22. For
this purpose, expressions of the eigenstates of a single
frustrated square plaquette are obtained.
A. Single square plaquette
The spin-1/2 AFM Heisenberg Hamiltonian on a single
square plaquette is defined by
H2 =
4∑
n=1
(
J1 S
n · Sn+1+J2 Sn · Sn+2
)
, Sn+4 =Sn, (1)
where Sn is the spin-1/2 operator at the position n. J1
and J2 are the intra-plaquette NN and NNN exchange
interaction strengths, respectively. A pictorial view of
this spin model is shown in Fig 1 (a). Non-zero values of
J2 invokes frustration in this model since the NNN bonds
now are not energetically favorable in order to the mini-
mized value of classical ground state energy with respect
to the NN bonds. The Hilbert space of this Hamilto-
nian comprises of 16 states with two singlets (ST = 0),
three triplets (ST = 1) and one quintet (ST = 2), where
ST =
∑4
n=1 S
n is the total spin of the plaquette. Two
singlets are specified by |s1〉 and |s2〉, which can be ex-
pressed as linear combinations of two different plaquette
states, where each plaquette state is composed of two
singlet dimers. In analogy with the conventional pair
of bonding and anti-bonding states, these singlet pair
can be termed as resonating-valence-bond (RVB) and
anti-RVB (aRVB) states. Forms of the wavefunctions,
ΨRVB (|s1〉) and ΨaRVB (|s2〉) are shown in Fig 2.
The exact analytic expressions of all energy eigenstates
along with their symmetries have been presented in the
Appendix A. Variations of all eigenenergies are shown in
Fig 3 for 0 < J2/J1 < 2, where few crossovers are noted.
Es1 (Es2) is the energy of the singlet state |s1〉 (|s2〉),
while Et1 = Et2 and Et3 are the energies of the degen-
erate triplet states |t1,α〉, |t2,α〉 and |t3,α〉, respectively.
Quintet has the highest energy, Eq, for the entire region,
0 < J2/J1 < 2, so, it does not cross others. Ground state
is always a total spin singlet but not unique in the entire
parameter regime, as |s1〉 and |s2〉 are the ground states
in two separate regions, R1 (J2 < J1) and R2 (J2 > J1),
respectively. So, ground state is doubly degenerate at the
point, J2/J1 = 1. This indicates the fact that, in contrast
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FIG. 1: (a) Geometrical view of the square plaquette, (b) J1-J2-J3-J4 AFM Heisenberg model on the CaVO lattice, (c) effective
square lattice constituted by the smallest square plaquettes, (d) BZ of the square lattice as shown in (c), whose corners are
defined by Γ = (0, 0), X= ( pi√
5 a
, 0) and M= ( pi√
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), (e) system remains invariant under rotation by pi/2 , (f) mirror planes
are shown by four different dashed lines.
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FIG. 2: Schematic representation of ΨRVB and ΨaRVB. Arrow
on the NN bonds indicates the spin ordering in singlet dimers.
to the property of conventional bonding and anti-bonding
states, ΨRVB does not always have energy lower than
ΨaRVB. Fig 3 reveals that two different kinds of spin gap
occurs for a single square plaquette. One among them
can be defined as triplet gap as it corresponds to singlet-
triplet transition when J2/J1 < 1/4, while singlet gap
(singlet-singlet transition) is found when J2/J1 > 1/4.
B. Four-spin plaquette operators
The form of spin-1/2 operators expressed in the trun-
cated basis constituted by the lowest singlet and triplet
plaquette states is used before for the estimation of
PRVB ground state energy (EG) and triplet spin gap (∆)
of the CaVO lattice10. The representation of spin-1/2 op-
erators expressed in the basis constituted by the complete
set of plaquette eigenstates is available21. Spin-1/2 oper-
ators in terms of the all singlet and triplet states had been
employed before for finding the EG and ∆ for the four-
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FIG. 3: Variation of energy eigenvalues of single plaquette
with J2/J1. Vertical dashed line separates the two regions,
R1 and R2.
spin PVBS state of the square lattice21. It is worth men-
tioning at this time that PRVB ground state is unique
and it does not break the symmetry of the CaVO lattice,
while the PVBS state is four-fold degenerate and breaks
the full translation symmetry of the square lattice19,20.
Neglecting the contribution of higher energy quintet
states the spin operators, Snα, are expressed as,
Snα =A
n
a
(
t†a,α s1 + s
†
1ta,α
)
+Bna
(
t†a,α s2 + s
†
2 ta,α
)
+ i αβγ D
n
ab t
†
a,β tb,γ .
(2)
Here, αβγ is the antisymmetric Levi-Civita symbol with
4xyz = 1, and a, b = 1, 2, 3. The matrix elements, A
n
a =
〈s1|Snα|ta,α〉, Bna = 〈s2|Snα|ta,α〉, and Dnab = 〈ta,β |Snα|tb,γ〉,
are given in the Appendix A. The vacuum |0〉 and five
plaquette operators are defined here which yield the five
physical states |sj〉 = s†j |0〉 , |ta,α〉 = t†a,α |0〉, where j =
1, 2 and a = 1, 2, 3. Plaquette operators obey bosonic
commutation relations. The completeness relation in the
truncated Hilbert space reads as,∑
j=1,2
s†j sj +
∑
a,α
t†a,α ta,α = 1. (3)
The Hamiltonian of a single plaquette, Eq 1, in the same
Hilbert space assumes the form
H2 =
∑
j
Esjs
†
j sj +
∑
a,α
Eta t
†
a,α ta,α. (4)
C. Hamiltonian in terms of plaquette operators
In order to obtain the values of EG and ∆ for the PRVB
phase as well as the triplet dispersion bands for the fully
frustrated spin-1/2 AFM Heisenberg model on the CaVO
lattice, the following Hamiltonian has been considered.
H=
∑
i
[
H2(ri)+J3
(
S2ri·S4ri+τ1+S1ri·S3ri+τ2
)
+J4
(
S2ri·S1ri+τ1
+S3ri·S4ri+τ1 + S2ri·S3ri+τ2+S1ri·S4ri+τ2
)]
.
(5)
J3 and J4 are the inter-plaquette NN and NNN exchange
interaction strengths, respectively. Here, the vector ri
denotes the position of the i-th plaquette while τ1 =√
5 a xˆ and τ2 =
√
5 a yˆ are the primitive vectors of the
effective square lattice formed by the square plaquettes.
Here a is the NN lattice spacing of the original CaVO
lattice which has been assumed henceforth unity. POT is
valid as long as intra-plaquette interactions are stronger
than respective inter-plaquette interactions, i. e., J1 >
J3 and J2 > J4. Here the system is studied in a wider
parameter regime, 0 < J2/J1 < 2, in comparison to all
the previous studies where this regime was limited to
0 < J2/J1 < 1. However, in this case, system is studied
in terms of weakly interacting square plaquettes. In other
case, BOT is valid for the opposite limit, J1 < J3, which
will be described in the next section.
The plaquette-operator representation (Eq 2) has been
substituted in Eq 5 to express the Hamiltonian in terms
of the plaquette operators,
H=E0+H02+H20+H30+H21+H40+H22, (6)
where E0 is a constant. In Hnm, n and m indicate the
number of triplet and singlet operators, whose explicit
forms are given in the Appendix A. The effect of the con-
straint (Eq 3) has been taken into account by including
the following term to the Hamiltonian (Eq 6),
−µ
∑
i
( ∑
j=1,2
s†j,i sj,i +
∑
a,α
t†a,i,α ta,i,α − 1
)
, (7)
where µ is the Lagrange multiplier. To execute pla-
quette operator formalism, the lowest-energy singlet is
assumed to be condensed and has to be replaced by a
number in Eq 6. It is worthy to mention at this point
that |s1〉 and |s2〉 are the lowest energy singlets in the
regions, R1 and R2, respectively. The condensation is
implemented by making the accompanying substitution,
s†j,i = sj,i = 〈s†j,i〉 = 〈sj,i〉 = s¯22. The lowest singlet in
the respective region has been condensed, which implies
that |sj〉 is condensed in the region Rj , where j = 1, 2.
Now the value of the constant, E0 is given by the equa-
tion, E0 = N
[
s¯2E − µ (s¯2 − 1)], in which E = Es1 (Es2)
for the region R1 (R2) and N is the total number of pla-
quettes in the system. By assuming the periodic bound-
ary condition, Fourier transformations of the operators
t†a,i,α and s
†
j,i are obtained as,
t†a,i,α =
1√
N
∑
k
exp (−ik ·Ri) t†a,k,α,
s†j,i =
1√
N
∑
k
exp (−ik ·Ri) s†j,k,
(8)
where j = 1, 2 and a = 1, 2, 3. Here the momentum sum
runs over the BZ of the square lattice, which is shown in
Fig 1 (d).
D. Quadratic approximation
Henceforth, the system has been studied in terms of
an effective boson model where the Hamiltonian keeps
only those terms which are quadratic in bosonic plaquette
operators. Terms containing more than two plaquette
operators, H30, H21, H40 and H22, therefore, have been
neglected. So, the approximated Hamiltonian becomes,
HQ = E0 +H02 +H20.
In the momentum space it becomes
HQ =
∑
k
(
Esj − µ
)
s†j,ksj,k +
∑
k
Xabk t
†
a,k,αtb,k,α
+
Y abk
2
(
t†a,k,αt
†
b,−k,α + ta,−k,αtb,k,α
)
, (9)
with j = 2 (1) for the region R1 (R2), a, b = 1, 2, 3
and α, β, γ = x, y, z. Expressions of the coeffi-
cients Xabk and Y
ab
k are given in Appendix A. Singlet
sector is diagonalized separately with singlet energies
Ωsj =
(
Esj − µ
)
. The six-component vector Ψ†k,α =(
t†1,k,αt
†
2,k,αt
†
3,k,αt1,−k,αt2,−k,αt3,−k,α
)
is introduced for
the diagonalization of the triplet sector. Eq 9 becomes
HQ = E′0 +
∑
k
(
Esj − µ
)
s†j,ksj,k +
1
2
∑
k
Ψ†k,αHkΨk,α,
5where
E′0 = E0 −
3
2
∑
k
∑
a=1,2,3
Xaak , and Hk =
(
Xk Yk
Yk Xk
)
.
(10)
Xk and Yk are two different 3 × 3 hermitian matrices
having elements Xabk and Y
ab
k , respectively. After diago-
nalization the Hamiltonian assumes the form
HQ = EG +
∑
k
(
Esj − µ
)
s†j,ksj,k +
1
2
∑
k
Φ†k,αH
′
kΦk,α,
with the energy of the PRVB (ground) state
EG = E0 +
3
2
∑
a,k
(Ωa,k −Xaak ) , (11)
and H ′k = Diag [hk,−hk](2×2), where hk = Diag
[Ω1,k,Ω2,k,Ω3,k](3×3). The eigenvectors Φ
†
k,α is given by
Φ†k,α =
(
b†1,k,αb
†
2,k,αb
†
3,k,αb1,−k,αb2,−k,αb3,−k,α
)
. Rela-
tion between the vectors, Ψ†k,α and Φ
†
k,α is established
by the transformation,
Φk,α = MkΨk,α, where Mk =
(
U†k −V †k
−V †k U†k
)
.
U†k and V
†
k are two 3 × 3 hermitian matrices whose ele-
ments are the Bogoliubov coefficients uabk and v
ab
k , respec-
tively. The analytic expressions of the triplet excitation
energies Ωa,k, along with u
ab
k and v
ab
k in terms of the X
ab
k
and Y abk are available in Appendix A. The values of µ
and s¯2 are determined by minimizing the ground state
energy with respect to themselves, i. e., ∂EG∂s¯2 = 0 and
∂EG
∂µ = 0, which gives
µ = E +
3
2N
∑
a,k
[
∂Ωa,k
∂s¯2
− Y
aa
k
s¯2
]
,
s¯2 = 1 +
3
2N
∑
a,k
[
∂Ωa,k
∂µ
+ 1
]
.
(12)
Singlet, Ωsj = Esj − µ and triplet, Ωa,k energies have
been determined after finding the values of µ and s¯2 nu-
merically by solving the self-consistent Eq 12. In the
absence of inter-plaquette interactions, (J3 = 0, J4 = 0),
s¯2 = 0 and µ = E. In this limit, EG = Esj , the value of
ground state energy per plaquette becomes equal to the
energy of corresponding lowest singlet state. Variations
of ground state energy per plaquette, EG/NJ1 with re-
spect to J2/J1, when J3 = J1/2 and J4 = J2/2 is shown
in Fig 5 (a), along with the energy of the lowest sin-
glet plaquette state. EG/NJ1 is always lower than the
lowest singlet energy. Variation of EG/NJ1 with J2/J1
shows resemblance with that of plaquette singlet energies
as shown in Fig 3, in the respective regions. Although,
Es1 and Es2 meet at J2/J1 = 1 (Fig 3), EG/NJ1s of the
two PRVB states based on the singlets |s1〉 and |s2〉 for
the respective regions, R1 and R2 are found to meet at
J2/J1 = 0.96 (Fig 5 (a)) due to the inter-plaquette inter-
actions. This meeting point must vary with the values of
J3 and J4.
The value of EG is further obtained by the second-
order perturbative calculation. In this formulation,
H0 =
∑N
i=1H2(ri), has been treated as the unperturbed
Hamiltonian, where H − H0 is the perturbation. Here,
H0 means the sum of all plaquette Hamiltonians, while
H − H0 implies the sum of all inter-plaquette interac-
tions. Obviously, this result is acceptable as long as
intra-plaquette interaction strengths are dominant. The
ground state energy per plaquette for the regions R1 and
R2 has been obtained,
EPG(R1) =
(
− 2J1 + J ′2 + 6
(
J3+J
′
2
12 )
2
−4J1 + 2J2
− 3(
J3+J
′
2−2J4
3 )
2
2J1
+ 6
(
J3+J
′
2
6
√
2
)2
−3J1 + J2
)
EPG(R2) =
(
− 3J ′2 − 3
(
J3+J
′
2
4 )
2
J2
)
(13)
with J ′2 = J2/2. Variation of E
P
G/NJ1 with J2/J1 has
been shown by dashed (blue) line in Fig 5 (a), which is
found to agree with that obtained in POT shown by red
line.
Triplet dispersions as shown in the Figs 7, 9 reveal that
value of Ω3,k is always the lowest. In addition, its minima
occur at the high-symmetry points, Γ, M and X in the
BZ, depending on the values of J2/J1, which is shown
in Fig 4, where variations of Ω3,Γ, Ω3,M and Ω3,X have
been plotted with respect to J2/J1. In order to estimate
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FIG. 4: Variation of energies of Ω3,Γ, Ω3,M and Ω3,X mea-
sured with respect to EG against J2/J1 (a) in region R1, (b)
in region R2, when J3 = J1/2 and J4 = J2/2.
the magnitude of ∆, values of Ω3,Γ, Ω3,M and Ω3,X are
measured with respect to EG in Figs 4 (a) and (b), for
the regions R1 and R2, respectively, where J3 = J1/2 and
J4 = J2/2. Singlet excitation, Ωs2 in R1 or Ωs1 in R2
is always dispersionless in the quadratic approximation
irrespective of the values of Js. Ω3,Γ, Ω3,M and Ω3,X
cross each other at a single point, J2/J1 = 1/2 in R1, as
a special case when J3 = J1/2 and J4 = J2/2. It means
6that Ω3 at the points Γ, M and X has the same value.
The plot shows that Ω3,M is the lowest when J2/J1 < 1/2
while Ω3,Γ is that when J2/J1 > 1/2 in R1. For different
values of J3 and J4, Ω3,Γ, Ω3,M and Ω3,X cross each other
at different points. On the other hand, Ω3,X is always
the lowest in R2. Ultimately, the value of ∆ has been
estimated form this comparative study. Variations of ∆
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FIG. 5: Variations of ground state energy per plaquette (a)
and spin gap (b) against J2/J1, when J3 = J1/2 and J4 =
J2/2.
with respect to J2/J1, when J3 = J1/2 and J4 = J2/2 is
shown in Fig 5 (b).
E. Triplet plaquette dispersions
Now, emergence and evolution of topological nodes and
nodal-lines will be described in great detail for the two
different regions. For this purpose, the triplet disper-
sion bands, Ωa,k/J1, a = 1, 2, 3, have been shown in
Figs 7 (a)-(b) and Figs 9 (a)-(e), for the regions R1 and
R2, respectively. The dispersions are shown in three-
dimensional (3D) plots covering the full BZ, as well as,
along the high-symmetry pathway (Γ,X,M,Γ) for every
case. Density of states (DOS) is shown in the side panel.
Two types of band-touching points or nodes, are found
depending on the number of bands at the touching point.
They are termed as two-band (2BTP) and three-band
touching point (3BTP), where two and three bands are
found to meet, respectively. Two kinds of 3BTP are
identified owing to their dissimilar nature of dispersion
relation around the respective meeting points. Emer-
gence and evolution of those nodes and nodal-lines with
the variation of J2/J1 have been clearly shown in Fig 6.
2BTP and 3BTP appear both in the regions R1 and R2,
whereas, nodal-line and flat-band appear only in region
R2.
In R1, a 2BTP in the upper two bands is noted
around the point (pi/2
√
5, pi/2
√
5) in the BZ, as long as
0 ≤ J2/J1 < 1, which is shown by blue diamond in Fig 7
(a). This 2BTP is replaced by a 3BTP, when J2/J1 = 1,
as shown by purple square in Fig 7 (b). They do not
therefore coexist. All the 2BTP and 3BTP are shown by
open circles along the (Γ,X,M,Γ) pathway. Closer view
of triplet dispersions around this 3BTP is shown in Fig
8.
The system in region R2 hosts two concentric nodal
loops with different shapes. They are centered around
the X point of the BZ. Among them one is perfectly
square and it forms between the lower two bands. Area of
the square is exactly equal to the area of the BZ, since it
passes through the high-symmetry points, Γ, M, center-
ing the X. The shape, position and area of this nodal-loop
remain unchanged regardless the values of J2/J1 for the
entire region R2. Thus, it seems that it is additionally
protected by some intrinsic symmetry of the system. The
other loop is found between the upper two bands and it
appears exactly circular when J2/J1 = 1.4. The area of
this loop is always less than that of the BZ. With the
increase of J2/J1, radius of this loop decreases and be-
comes a point giving rise to a 2BTP, when J2/J1 = 1.68.
The bands get separated by leaving a gap with the fur-
ther increase of J2/J1 beyond the value 1.68. Thus, this
loop is not protected by the intrinsic symmetry of the
system. Fig 10 and 11 show the magnified views of those
nodal loops. It reveals that circular loop occurs at a
definite energy, while the square loop spans over a en-
ergy width. The system exhibits a 3BTP at the M point
of BZ in this region which occurs at a definite value,
J2/J1 = 1.21. Features of the 3BTPs in R1 and R2 are
different. Further, the topmost band becomes flat for the
regime 1.68 ≤ J2/J1 ≤ 2. A sharp peak in the DOS indi-
cates the value of energy of this flat band. Coexistence of
2BTP and 3BTP with the nodal-loops is observed in this
region. Non-vanishing DOS in those band-structure re-
veals that there is no true band gap within those triplet
dispersion branches. All the nodes and nodal-lines are
protected by the PT and SU(2) symmetries, since the
Hamiltonian (Eq 5) preserves those symmetries. Also,
all of them are six-fold degenerate, since each triplet dis-
persion is three-fold degenerate because of the SU(2) in-
variance of the system.
F. Effect of the magnetic field
The effect of magnetic field on those triplet dispersions
has been studied by applying the field along the zˆ direc-
tion. For this purpose, the Zeeman term, HZ, has been
added to the Hamiltonian (Eq 5). HZ = hz
∑N
i=1 S
z
T(ri),
where hz is the strength of the magnetic field and S
z
T(ri)
is the z-component of total spin of the i-th plaquette.
HZ breaks the T and SU(2) symmetries, but preserves
the P and U(1) symmetries. As a result, the three-fold
degeneracy of the triplet states is lost.
In order to obtain the dispersion relations, POT
has been developed for the total Hamiltonian, HT =
H (Eq 5) + HZ. By expressing HZ in terms of plaque-
tte operators followed by the Fourier transformation, it
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FIG. 6: Kaleidoscopic views of the emergent topological nodes and nodal-lines on the BZ with the change of J2/J1, covering
both the regions R1 and R2, when J3 = J1/2 and J4 = J2/2.
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FIG. 7: Triplet dispersion bands in R1 when J2/J1 = 0.8, (a)
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FIG. 8: Closer view of triplet dispersions around the 3BTP
for J2/J1 = 1 in R1.
has the following form in the momentum space,
HZ = ihz
∑
a,k
(
t†a,k,xta,k,y − t†a,k,yta,k,x
)
. (14)
The singlet plaquette operators, sj,k, do not appear in
HZ, since the energy of singlet states remains unaffected
by the presence of magnetic field. As a result, the sin-
glet ground state energy does not depend on it. After
the quadratic approximation, the total Hamiltonian be-
comes HT = HQ (Eq 9) + HZ. To perform the Bogoli-
ubov diagonalization, HT has been expressed in terms
of a eighteen-component vector. Dispersion relations are
obtained numerically following the Bogoliubov diagonal-
ization of the 18×18 matrix as described in Appendix
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A.
Every three-fold degenerate dispersion band has been
splitted into three non-degenerate bands in such a fash-
ion that nine bands ultimately form three groups of bands
in which each group contains three bands. This is true
for each region. Energy gap between the group of bands
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FIG. 10: Closer view of triplet excitations around the circular
nodal-line for J2/J1 = 1.4.
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FIG. 11: Closer view of triplet excitations around the square
nodal-line for J2/J1 = 1.8.
increases with the increase of hz, but without changing
the energy of the lowest group of band. So, the value of
∆ does not change with hz. These dispersion bands are
shown in Figs 12 and 13 for regions R1 and R2, respec-
tively. Among the three, the particular group of non-
degenerate bands having the lowest energy is identical
with the degenerate bands in a sense that feature of each
of the three dispersion relation is the same to that when
the magnetic field was absent. Other two groups of non-
degenerate bands have been shifted towards the higher
energies with a little deformation in their dispersion re-
lations. This deformation is perhaps due to the quadratic
approximation. These three groups of bands have been
depicted separately in Figs 12-13 (b), (c) and (d), for the
respective regions. Obviously, the mode of splitting re-
mains the same irrespective of the direction of the applied
magnetic field. This splitting is similar to that of a triplet
state under the magnetic field with the difference that en-
ergy values of the shifted states are not symmetric about
that of the SzT = 0 state. This difference attributes to the
fact that triplet states corresponding to t†α |0〉 , α = x, y,
are not the eigenstates of SzT. Upon examining the struc-
ture of individual group of bands more closely, it reveals
that all the respective topological nodes and nodal-loops
are there as before when the magnetic field was absent
and their features remain unaltered. The features of the
nodes and nodal-loops within each group of band is ro-
bust against the change of hz and and they cannot be
destroyed by increasing the value of hz. However, in this
case, they are doubly degenerate and protected by both
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FIG. 12: (a) Nine triplet dispersion bands for hz/J1 = 3.0 and
J2/J1 = 1 in R1, when J3 = J1/2 and J4 = J2/2. Magnified
views of the separated bands are shown in (b), (c) and (d).
Higher value of hz is assumed in (a) to show clear separation
between the bands although this phenomenon is true for any
values of hz.
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FIG. 13: (a) Nine triplet dispersion bands for hz/J1 = 3.7 and
J2/J1 = 1 in R2, when J3 = J1/2 and J4 = J2/2. Magnified
views of the separated bands are shown in (b), (c) and (d).
the P and U(1) symmetries. So, these loops cannot be
termed as Dirac nodal-loops either in the presence or ab-
sence of magnetic field.
III. BOND OPERATOR THEORY
In this section, BOT has been formulated for the AFM
Heisenberg model on the CaVO lattice, where the system
is studied in terms of weakly interacting NN bonds con-
necting the plaquettes. So, in this case, J3 > J1, and the
ground state is composed of singlet dimer on the inter-
plaquette NN bonds with strength J3. This ground state
is known as the dimerized state, whose geometrical view
on the CaVO lattice is shown in Fig 14 (a). Values of
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FIG. 14: (a) Schematic representation of the dimerized state
on the CaVO lattice, where the singlet dimer on the J3 bond
is shown by the narrow ellipse, (b) BZ of the dimerized lattices
defined by Γ = (0, 0), X= ( 2pi√
10a
, 0) and M= ( 2pi√
10a
, 2pi√
10a
).
EG and ∆ of the dimerized state for this model have
been determined along with the dispersion of the triplet
bond excitation. BOT has been developed by following
the formalism introduced before by Sachdev and other in
the complete basis space spanned by the singlet, |s〉, and
three triplet states, |tα〉 , α = x, y, z, on the bond22.
The bosonic singlet and triplet creation operators are
defined as
|s〉 = s† |0〉 = 1√
2
(|↑↓〉 − |↓↑〉) ,
|tx〉 = t†x |0〉 = −
1√
2
(|↑↑〉 − |↓↓〉) ,
|ty〉 = t†y |0〉 =
i√
2
(|↑↑〉+ |↓↓〉) ,
|tz〉 = t†z |0〉 =
1√
2
(|↑↓〉+ |↓↑〉) .
(15)
The physical constraint considering the completeness re-
lation is
s†s+
∑
α
t†α tα = 1, (16)
where the Hamiltonian for a single bond assumes the
form
S1 ·S2 = −3
4
s†s+
1
4
t†α tα.
The spin operators, Snα, in terms of the bond operators
s† and t†α read as
Snα =
(−1)n−1
2
(
t†α s+ s
†tα
)− i
2
αβγ t
†
β tγ . (17)
Here, n = 1, 2, specifies the positions of two spins in
a bond and α, β, γ = x, y, z. The lattice generated by
the middle points of every dimer is essentially a square
one, whose primitive cell may be constructed by the two
primitive vectors, τ1 and τ2, where τ1 =
√
10 a
2 xˆ, and
τ2 =
√
10 a
2 yˆ. Again, a specifies the NN lattice spacing of
the CaVO lattice which was assumed before unity. The
area of the primitive cell in this case is one-half to the
area of that used for developing the POT. So, area of BZ
is double to that for the previous case as shown in Fig 14
(b).
The Heisenberg Hamiltonian to formulate the BOT on
the CaVO lattice can be written as
H ′=
∑
i
[
J3S
1
ri ·S2ri+J1
(
S2ri ·S1ri+τ1+ S2ri ·S1ri+τ2
)
+
J4
(
S2ri ·S2ri+τ1+ S1ri ·S1ri+τ2
)
+J2S
2
ri ·S2ri+τ1+τ2
]
.
(18)
Here, Snri is the n-th spin of the i-th bond. In terms of
bond operators, the Hamiltonian looks like
H′ = H1 +H2 +H3, where
H1 = J3
∑
i
(
−3
4
s†risri +
1
4
t†ri,αtri,α
)
− µ
∑
i
(
s†risri + t
†
ri,αtri,α − 1
)
,
H2 =
∑
i,m,α
g(m)
(
t†ri,αtri+τ ′m,αs
†
risri+τ ′m
+ t†ri,αt
†
ri+τ ′m,α
srisri+τ ′m +H.c.
)
,
H3 =
∑
i,m,α
αβγαβ′γ′g
′(m)t†ri,βt
†
ri,γtri+τ ′m,β′tri+τ ′m,γ′ ,
(19)
with m = 1, 2, 3, τ ′1 = τ1, τ
′
2 = τ2, τ
′
3 = τ1 + τ2, g(1) =
g(2) = −J1/4 + J4/4, g′(1) = g′(2) = J1/4 + J4/4, and
g(3) = g′(3) = J2/4. Effect of the constraint, Eq 16, has
been taken into account in Eq 19 like before.
A. Quadratic and mean-field approximations
In quadratic approximation, contribution of H3 is ne-
glected. So, the Hamiltonian in the momentum space is,
H′Q = E′0 +H2, where
E′0 =N
′
[
−3
4
J3s¯
2 − µ (s¯2 − 1)] ,
H2 =
∑
k
Akt
†
k,αtk,α +
Bk
2
(
t†k,αt
†
−k,α + t−k,αtk,α
)
,
(20)
with N ′ = 2N , the total number of dimers in the system
and
Ak = (
J3
4
− µ) +Bk,
Bk = 2 s¯
2
∑
m=1,2,3
g(m) cos (k · τ ′m) .
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Condensation of the singlets is implemented by the sub-
stitution, s†ri = sri = 〈s†ri〉 = 〈sri〉 = s¯22. The values of
µ and s¯2 are determined by solving the pair of following
self-consistent equations.
µ = −3
4
J3 +
3
2N ′
∑
k
[
(Ak −Bk)
Ωk
− 1
]
Bk
s¯2
,
s¯2 = 1 +
3
2N ′
∑
k
[
1− Ak
Ωk
]
.
(21)
Diagonalizing the Hamiltonian, H2 in Eq 20, by the
bosonic Bogoliubov transformation, triplet dispersion is
obtained, which is Ωk =
√
A2k −B2k, along with the
ground state energy of the system in BOT, E′G = E
′
0 +
3
2
∑
k (Ωk −Ak).
To obtain more accurate values of EG, contribution
of the terms containing quartic triplet operators, H3
in Eq 19, is taken into account by performing mean-
field approximation on them. The terms of cubic or-
der in the triplet operators do not contribute since the
condensation of triplet operators is not allowed in this
formulation22. By introducing the real space mean-
field order parameters, P (m) =
∑
β〈t†ri,βtri+τ ′m,β〉 and
Q(m) =
∑
β〈t†ri,βt
†
ri+τ ′m,β
〉 with m = 1, 2, 3, the mean-
field Hamiltonian24, HMF becomes,
HMF = H
′
1 +H
′
2, with
H ′1 = H1 +
2
3
∑
m
g′(m)
[
Q2(m)− P 2(m)] ,
H ′2 = H2 +
2
3
∑
i,m
g′(m)P (m)
(
t†ri,αtri+τ ′m,α +H.c.
)
− 2
3
∑
i,m
g′(m)Q(m)
(
t†ri,αt
†
ri+τ ′m,α
+H.c.
)
.
(22)
Geometrical symmetries of τ ′ms allow to consider the
following relations, P (1) = P (2) = P1, P (3) = P2,
Q(1) = Q(2) = Q1 and Q(3) = Q2. In the momentum
space, HMF = E
′
0 +H
′
2, where,
E′0 =N
′
−3
4
J3s¯
2 − µ (s¯2 − 1)+ 1
2
∑
j=1,2
rj
(
Q2j − P 2j
) ,
H ′2 =
∑
k
A′kt
†
k,αtk,α +
B′k
2
(
t†k,αt
†
−k,α + t−k,αtk,α
)
,
(23)
with r1 = 4 (g
′(1) + g′(2)) /3, r2 = 4g′(3)/3 and
A′k = Ak +
4
3
∑
m g
′(m)P (m) cos (k · τ ′m), B′k = Bk −
4
3
∑
m g
′(m)Q(m) cos (k · τ ′m). Values of the order pa-
rameters have been determined by solving two pairs of
self-consistent equations,
Pj =
3
2
1
N ′rj
∑
k
[(
A′k
Ωk
− 1
)
∂A′k
∂Pj
]
,
Qj =
3
2
1
N ′rj
∑
k
[
B′k
Ωk
∂B′k
∂Qj
]
,
(24)
with j = 1, 2, in addition to the equations those are
previously obtained for µ and s¯2, in Eq 21. Diago-
nalizing the Hamiltonian H ′2 like before, the mean-filed
dispersion relation, Ω′k =
√
A′2k −B′2k , and the mean-
field ground state energy, E′′G = E
′
0 +
3
2
∑
k (Ω
′
k −A′k),
have been obtained. Ground state energy per bond
has been obtained by using the second-order per-
turbation theory, which has the expression, EPG =
−3J3
(
1 +
(
(J1 − (J2/2)− J4)/2
√
2J3
)2)
/4. However,
in this case, the unperturbed Hamiltonian is the sum
of all the NN inter-plaquette interactions, H ′0 =
J3
∑N ′
i=1 S
1
ri · S2ri , while the perturbation, H ′ − H ′0, in-
cludes all the remaining terms. This result is valid as long
as the strengths of NN inter-plaquette interactions are
stronger than others. Variation of ground state energy
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FIG. 15: Variation of (a) Ground-state energy per bond and
(b) spin gap against J2/J1 for J3 = 2J1 and J4 = J2.
per bond for the regime, 0 < J2/J1 < 2, obtained in quar-
tic, mean-field and perturbative approximations with re-
spect to J2/J1 are shown in Fig 15 (a), for J3 = 2J1 and
J4 = J2. Mean-field estimation, E
′′
G is the lowest since it
includes the contributions of the quartic terms.
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FIG. 16: Variation of energies of ΩΓ, ΩM and ΩX measured
with respect to E′G with J2/J1, when J3 = 2J1 and J4 = J2.
In order to estimate the value of ∆, variations of the
triplet energies for the high-symmetry points, ΩΓ, ΩX
and ΩM have been plotted with J2/J1, when J3 = 2J1
and J4 = J2 in Fig 16, as the minima of Ωk are found
to occur at those points. It shows that ΩΓ and ΩX
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cross each other at the point J2/J1 = 1/2, in such a
way that ΩΓ is the lowest when J2/J1 < 1/2 while ΩX
is that when J2/J1 > 1/2. The value of triplet gap,
∆, which accounts the separation between ground and
the lowest triplet state energies has been obtained for
the regime, 0 < J2/J1 < 2. Variation of ∆ is shown
in Fig 15 (b). To investigate the effect of magnetic
field, H′Z has been added to H′. Expression of H′Z
in terms of triplet operators in the momentum space
is, H′Z = ihz
∑
k
(
t†k,xtk,y − t†k,ytk,x
)
, when the mag-
netic field acts along the zˆ direction. Now, the degener-
ate triplet band splits into three non-degenerate triplon
bands and the separation between them increases with
the increase of hz. They are completely separated from
each other above the critical values of magnetic field, hc,
where the value of hc depends on the values of the ex-
change parameters. Magnetic field induced nodal-lines of
various forms and positions on the BZ are found within
the lower triplon dispersion bands, as long as hz < hc.
For examples, nodal-loops are found when J2/J1 = 0.3
and 1.7, for J3 = 2J1 and J4 = J2, which are shown in
Figs 17 (a), (b) and (e). Elliptic loop is noticed when
J2/J1 = 1.7 and hz/J1 < 7.7. Closed loop with various
shapes can be obtained for J2/J1 = 0.3 by changing the
values of hz as long as hz/J1 < 5.9. Straight nodal-lines
are obtained when J2/J1 = 1, for 4.0 < hz/J1 < 5.2
(Figs 17 (c) and (d)).
So, all of those doubly-degenerate nodal-lines are pro-
tected by the P and U(1) symmetries. These magnetic
field induced nodal-lines do not survive above the hc. It
is worthy to state that the dimerized ground state is un-
stable at the higher magnetic field. So the validity of the
BOT is questionable in the presence of high magnetic
field.
IV. DISCUSSION
In this study, emergence of topological nodal-lines with
various features has been reported in the frustrated AFM
spin-1/2 Heisenberg model formulated on the CaVO lat-
tice. CaVO lattice can be transformed into two different
square lattices by treating either four-site plaquettes or
two-site bonds as a basis sites as shown in Figs 1 (c) and
14 (a), respectively. POT and BOT have been devel-
oped in two different parameter regimes by choosing the
values of NN and NNN inter- and intra-plaquette inter-
actions in such a way that the effective Hamiltonians in
terms of plaquette and bond operators formulated on the
respective square lattices are valid. Dispersion relations
of triplet plaquette and bond excitations, based on the
PRVB and dimerized ground states are obtained, where
nodal-lines are found to exist in the presence and absence
of magnetic field. Ground state energy and spin gap in
both the regimes have been obtained in this context.
Emergence of a pair of six-fold degenerate nodal-loops
with circular and square shapes are noted in the pla-
-1.0 0.0 1.0-1.00.0
1.0
0.5
1.5
2.5
-1.0 0.0 1.0-1.00.0
1.0
1.5
2.5
kx
kx
ky
ky
(a)
(b)
E
/
J
1
E
/
J
1
hz
J1
= 3.8
hz
J1
= 4.5
J2/J1 = 0.3, hc = 5.9
-1.0
0.0
1.0
-1.0
0.0
1.0
2.0
2.5
3.0
-1.0
0.0
1.0
-1.0
0.0
1.0
1.5
2.0
2.5
kx
kx
ky
ky
E
/
J
1
E
/
J
1
J2/J1 = 1.0, hc = 5.3
(c)
(d)
hz
J1
= 4.0
hz
J1
= 5.2
-1.0
0.0
1.0
-1.0
0.0
1.0
1.0
1.5
2.0
2.5
3.0
kx
ky
(e)
E
/
J
1
J2/J1 = 1.7, hc = 7.7
hz
J1
= 5.5
FIG. 17: Forms of nodal-loops and nodal-lines for different
values of interaction strengths and magnetic fields when J3 =
2J1 and J4 = J2. The topmost triplon band is not shown as
it is clearly separated from the middle band in every case.
quette dispersions, which are PT and SU(2) protected.
In the presence of magnetic field, three pairs of two-
fold degenerate nodal-loops of almost the same features
are found, those are P and U(1) protected. The sys-
tem hosts a number of magnetic field induced nodal-lines
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of various shapes in the triplon dispersions. The sys-
tem hosts only non-Dirac nodal-lines because of the fact
that none of them are four-fold degenerate and protected
by the PT symmetry. But a pair of Dirac nodal-loops
have been noted before in the AFM magnon dispersions
for a Heisenberg model on this lattice by considering a
larger unit cell containing eight sites5. This difference
attributes to the fact that AFM ground state breaks
the full symmetry of the Heisenberg Hamiltonian, while
the singlet ground states in this study do not. Emer-
gence of multiple topological phases in irradiated tight-
binding and FM Kitaev-Heisenberg models on this lattice
is noted before25,26. The effect of DMI cannot be regis-
tered either in POT or BOT because of the fact that,∑
n(S
n × Sn+1)z vanishes identically over a plaquette
and bond, when S is expressed in terms of either plaque-
tte or bond operators, respectively.
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Appendix A: Details of plaquette operator theory
1. Symmetries of eigenstates of four-spin
Heisenbeg plaquette
Symmetries of all the eigenvectors of the single square
plaquette, H2, are described in terms of eight operators
of dihedral group D4, four rotations, Rn and reflections,
Mn, n = 1, 2, 3, 4. Here, R implies the rotation by pi/2
about the center of the square, as depicted in Fig 1 (e)
and Rn means successive R operation by n times. Ro-
tation R can be defined as R |S1S2S3S4〉 = |S2S3S4S1〉,
where |S1S2S3S4〉 = |Sz1 〉 ⊗ |Sz2 〉 ⊗ |Sz3 〉 ⊗ |Sz4 〉, in which
|Szn〉 is the spin state at the n-th vertex of the square.
Rotational property of an eigenstate, |ν〉, can be studied
in terms of an eigenvalue equation, Rp|ν〉 = λr|ν〉, where
λr = ±1 be the eigenvalue of the rotational operator Rp.
Where p < 4 and it corresponds that minimum number
of R operations on |ν〉 for which λr assumes the value
either +1 or −1. λr = ±1 imply the even (symmetric)
and odd (antisymmetric) parity of the state. Each state
has definite parity and among all six are symmetric. Val-
ues of p and λr for all states are given in Table I. It is
found that p assumes the value either 1 or 2. For ΨRVB
(ΨaRVB), λr = 1(−1) and p = 1, which means that ΨRVB
is symmetric, whereas, ΨaRVB is antisymmetric under the
rotation by the angle pi/2.
Similarly, reflectional symmetry of |ν〉 has been stud-
ied in terms of an eigenvalue equation Mn|ν〉 = λMn |ν〉,
where four different mirror planes for Mn are shown
by dashed lines in Fig 1 (f). Mn are defined as
M1 |S1S2S3S4〉 = |S1S4S3S2〉 , M2 |S1S2S3S4〉 =
|S3S2S1S4〉 , M3 |S1S2S3S4〉 =
|S2S1S4S3〉 , M4 |S1S2S3S4〉 = |S4S3S2S1〉. Again,
ΨRVB is symmetric, while ΨaRVB is antisymmetric under
the reflection about the mirror planes either M1 or M2
as shown in Fig 1 (f). But, both ΨRVB and ΨaRVB
are found symmetric under spin inversion as well as
reflection about the mirror planes, M3 and M4. In order
TABLE I: Energy and other eigenvalues of the eigenstates of
spin-1/2 Heisenberg square plaquette
ST Energy eigenvalues λr p λM1 λM2 λM3 λM4
0 Es1 = −2J1 + 12J2 1 1 1 1 1 1
0 Es2 = − 32J2 - 1 1 -1 -1 1 1
1 Et1 = − 12J2 -1 2 1 -1
1 Et2 = − 12J2 -1 2 -1 1
1 Et3 = −J1 + 12J2 -1 1 1 1 -1 -1
2 Eq = J1 +
1
2
J2 1 1 1 1 1 1
to express the eigenstates in a compact form following
notations are used.
|ψ2n〉 = Tn−1 |2〉 (n = 1) , |2〉 = |↑↑↑↑〉 ,
|ψ1n〉 = Tn−1 |1〉 (n = 1, 2, 3, 4) , |1〉 = |↓↑↑↑〉 ,
|ψ0n〉1 = Tn−1 |0〉0 (n = 1, 2, 3, 4) , |0〉0 = |↑↑↓↓〉 ,
|ψ0n〉2 = Tn−1 |0〉3 (n = 1, 2) , |0〉3 = |↑↓↑↓〉 ,
|ψ−1n 〉 = Tn−1 |−1〉1 (n = 1, 2, 3, 4) , |−1〉1 = |↑↓↓↓〉 ,
|ψ−2n 〉 = Tn−1 |−2〉 (n = 1) , |−2〉 = |↓↓↓↓〉 .
Here T operator is defined as, T |pqrs〉 = |spqr〉, where
|pqrs〉 = |p〉 ⊗ |q〉 ⊗ |r〉 ⊗ |s〉. All the energy eigenstates
are written below.
|s1〉 = 1√
12
(
2
2∑
n=1
|ψ0n〉2 −
4∑
n=1
|ψ0n〉1
)
,
|s2〉 = 1
2
4∑
n=1
(−1)n |ψ0n〉1 ,
|t1,α〉 = λαλn
2
∑
n=1,3
(|ψ1n〉 ± |ψ−1n 〉) ,
|t1,z〉 = 1
2
( ∑
n=2,3
|ψ0n〉1 −
∑
n=1,4
|ψ0n〉1
)
,
|t2,α〉 = λαλn
2
∑
n=2,4
(|ψ1n〉 ± |ψ−1n 〉) ,
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|t2,z〉 = 1
2
(
4∑
n=3
|ψ0n〉1 −
2∑
n=1
|ψ0n〉1
)
,
|t3,α〉 = λα
2
√
2
4∑
n=1
(−1)n−1 (|ψ1n〉 ± |ψ−1n 〉) ,
|t3,z〉 = 1√
2
2∑
n=1
(−1)n−1 |ψ0n〉2 ,
|qα〉 = λα
2
√
2
4∑
n=1
(|ψ1n〉 ± |ψ−1n 〉) ,
|qz〉 = 1√
6
(
4∑
n=1
|ψ0n〉1 +
2∑
n=1
|ψ0n〉2
)
,
|q±〉 = 1√
2
(|ψ2n〉 ± |ψ−2n 〉) ,
where the upper and lower signs respectively refer to α =
x and y, λx = 1 and λy = i. λn = −1 for n = 1, 2 and
λn = 1 for n = 3, 4.
2. Terms used in four-spin plaquette operators
The analytic expressions of the coefficients Ana , B
n
a and
Dnab are given here,
A
1/3
1 = ±
1√
12
, A
2/4
2 = ±
1√
12
, A
1/3
3 = −A2/43 =
1√
6
,
B
2/4
1 = ±
1
2
, B
1/3
2 = ±
1
2
, D
2/4
11 = D
1/3
22 =
1
2
,
D
2/4
33 = D
1/3
33 =
1
4
, D
1/3
13 = −D2/423 = ±
1
2
√
2
.
Explicit forms of the terms, Hnm of the Eq 6, in the
momentum space are given here.
H02 =
∑
k
(
Esj − µ
)
s†j,ksj,k,
H20 =
∑
k
Xabk t
†
a,k,αtb,k,α
+
1
2
∑
k
Y abk
(
t†a,k,αt
†
b,−k,α + ta,−k,αtb,k,α
)
,
H30 =
αβγ√
N
∑
p,k,a,b,c
Zabcp−k t
†
a,k−p,αt
†
b,p,βtc,k,γ +H.c.,
H40 =
αβγαλν
N
∑
p,q,k,a,b,c,d
Mabcdk t
†
a,p+k,βt
†
b,q−k,λtc,q,νtd,p,γ ,
H21 =
1√
N
∑
p,k,a,b
[
W abp t
†
a,k−p,αt
†
b,p,βsj,k +H.c.
+W bap s
†
j,k−pt
†
a,p,αt
†
b,k,α +H.c.
]
,
H22 =
1
N
∑
p,q,k,a,b
[
Nabk s
†
j,q+ksj,p+kt
†
a,p,αtb,q,α
+
1
2
Nabk s
†
j,q+ks
†
j,p−kta,p,αtb,q,α +H.c.
]
,
The analytic expressions of several terms are given as
Xabk = (Eta − µ) (δa,1δb,1 + δa,2δb,2 + δa,3δb,3) + Y abk ,
Y abk = s¯
2
∑
m=1,2
2gab(m) cos (k · τm) ,
gab(m) = J1
(
A2aA
4
bδm,1 +A
1
aA
3
bδm,2
)
+ J2
(
(A2aA
1
b +A
3
aA
4
b)δm,1
+
(
A2aA
3
b +A
1
aA
4
b
)
δm,2
)
.
Here a, b = 1, 2, 3, and Eta is the triplet energy of the
single plaquette. The expressions of all g coefficients are
given for the regions R1 only. The expressions will be the
same for region R2 with the replacements A↔ B.
Zabck = is¯
∑
m=1,2
[
gabcZ (m)e
−ik·τm + gbcaZ¯ (m)e
ik·τm] ,
Mabcdk = −
1
2
∑
m=1,2
[
gabcdM (m)e
−ik·τm + gcdabM (m)e
ik·τm] ,
W abk = s¯
∑
m=1,2
[
gabW (m)e
−ik·τm + gbaW¯ (m)e
ik·τm] ,
Nabk =
∑
m=1,2
[
gabN (m)e
−ik·τm + gbaN (m)e
ik·τm] .
The g coefficients are given by
gabcZ (m) = J1
(
A2aD
4
bcδm,1 +A
1
aD
3
bcδm,2
)
+J2
(
(A2aD
1
bc +A
3
aD
4
bc)δm,1 +
(
A2aD
3
bc +A
1
aD
4
bc
)
δm,2
)
,
gabcZ¯ (m) = J1
(
D2abA
4
cδm,1 +D
1
abA
3
cδm,2
)
+J2
(
(D2abA
1
c +D
3
abA
4
c)δm,1 +
(
D2abA
3
c +D
1
abA
4
c
)
δm,2
)
,
gabcdM (m) = J1
(
D2abD
4
cdδm,1 +D
1
abD
3
cdδm,2
)
+J2
(
(D2abD
1
cd+D
3
abD
4
cd)δm,1+
(
D2abD
3
cd+D
1
abD
4
cd
)
δm,2
)
,
gabW (m) = J1
(
B2aA
4
bδm,1 +B
1
aA
3
bδm,2
)
+ J2
(
(B2aA
1
b +B
3
aA
4
b)δm,1 +
(
B2aA
3
b +B
1
aA
4
b
)
δm,2
)
,
gabW¯ (m) = J1
(
A2aB
4
b δm,1 +A
1
aB
3
b δm,2
)
+ J2
(
(A2aB
1
b +A
3
aB
4
b )δm,1 +
(
A2aB
3
b +A
1
aB
4
b
)
δm,2
)
,
gabN (m) = J1
(
B2aB
4
b δm,1 +B
1
aB
3
b δm,2
)
+ J2
(
(B2aB
1
b +B
3
aB
4
b )δm,1 +
(
B2aB
3
b +B
1
aB
4
b
)
δm,2
)
.
Here, a, b, c, d = 1, 2, 3 and α, β, γ = x, y, z, j = 2 and 1
for the regions R1 and R2, respectively.
In order to obtain the three branches of triplet dis-
persions, IBHk (Eq 10) has been diagonalized, where
IB=Diag[1, 1, 1,−1,−1,−1](6×6). Characteristic equa-
tion of the matrix IBHk, and the triplet dispersions,
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Ωb,k, b = 1, 2, 3, are given by
Ω6k + a2,kΩ
4
k + a1,kΩ
2
k + a0,k = 0,
Ωb,k =
[
2
√
−Qk cos
(
θ
3
− 2pi(b− 1)
3
)
− a2,k
3
] 1
2
, where
Qk =
3a1,k − a21,k
9
, cos(θ) =
−Rk
Qk
√−Qk
,
Rk =
9a2,ka1,k − 27a0,k − 2a31,k
54
.
Expressions of the coefficients, ai,k, are mentioned below.
a2,k = −
(
w211,k + w
2
22,k + w
2
33,k
)
,
a1,k = w
2
11,kw
2
22,k + w
2
11,kw
2
33,k + w
2
22,kw
2
33,k
− 4(Y 12k )2
(
X11k − Y 11k
) (
X22k − Y 22k
)
− 4(Y 23k )2
(
X22k − Y 22k
) (
X33k − Y 33k
)
− 4(Y 13k )2
(
X11k − Y 11k
) (
X33k − Y 33k
)
,
a0,k =
(
X11k − Y 11k
) (
X22k − Y 22k
) (
X33k − Y 33k
)[
4(Y 12k )
2
(
X33k + Y
33
k
)
+ 4(Y 23k )
2
(
X11k + Y
11
k
)
+ 4(Y 13k )
2
(
X22k + Y
22
k
)− 16Y 12k Y 13k Y 23k
− (X11k + Y 11k ) (X22k + Y 22k ) (X33k + Y 33k ) ],
where w2aa,k = (X
aa
k )
2 − (Y aak )2 with a = 1, 2, 3.
Using the procedure described in23, the Bogoliubov co-
efficients has been determined. The Bogoliubov coeffi-
cients are uabk = (φ
ab
k + ψ
ab
k )/2, and v
ab
k = (φ
ab
k − ψabk )/2,
with a, b = 1, 2, 3, where,
φ1ak = xa,k
√
X11k − Y 11k , φ2ak = ya,k
√
X22k − Y 22k ,
φ3ak = za,k
√
X33k − Y 33k ,
ψ1ak =
1
Ωa,k
(
xa,k(X
11
k + Y
11
k )
√
X11k − Y 11k
+2ya,kY
12
k
√
X22k − Y 22k + 2za,kY 13k
√
X33k − Y 33k
)
,
ψ2ak =
1
Ωa,k
(
2xa,kY
12
k
√
X11k − Y 11k
+ya,k(X
22
k + Y
22
k )
√
X22k − Y 22k + 2za,kY 23k
√
X33k − Y 33k
)
,
ψ3ak =
1
Ωa,k
(
2xa,kY
13
k
√
X11k − Y 11k + 2ya,kY 23k
√
X22k − Y 22k
+ za,k(X
33
k + Y
33
k )
√
X33k − Y 33k
)
,
xa,k =
Ma,k√
Ga,k
, ya,k =
1√
Ga,k
, za,k =
Na,k√
Ga,k
,
Ma,k =
AkCk − (w222,k − Ω2a,k)Bk
AkBk − (w211,k − Ω2a,k)Ck
,
Na,k =
Ck +BkMa,k
(Ω2a,k − w233,k)
, Ga,k = Ωa,k
[
1 +M2a,k +N
2
a,k
]
,
Ak = 2Y
12
k
√
X11k − Y 11k
√
X22k − Y 22k ,
Bk = 2Y
13
k
√
X11k − Y 11k
√
X33k − Y 33k ,
Ck = 2Y
23
k
√
X22k − Y 22k
√
X33k − Y 33k .
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